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A compact dimension is one in which the coordinates are curled up so

that the entire range of the dimension is mapped into some smaller subset
of the dimension.

In one dimension, we define a good coordinate as one that satisfies the
conditions:

good coordinates
• Any two distinct points P1 6= P2 have different coordinates, so that
x(P1) 6= x(P2).
• The assignment of coordinates to points is continuous, so that two

nearby points always have nearly equal coordinates.
On the one-dimensional line such as the x axis, distance from the origin is
a good coordinate. In two dimensions, the polar angle coordinate is not a
good coordinate because a point just above the +x axis has an angle near 0,
while a point just below the +x axis has an angle near 2π. We can define
a good angular coordinate by allowing the angle to be multivalued, so that
any angle θ+2πn maps into θ.

If a pattern repeats within some range, we can define an identification
between pairs of points. For example, if we identify a point P1 with another

identificationspoint P2 that is a distance 2πR along the x axis, then we can perform the
identification

x(P1) = x(P2)+2πRn (1)
This effectively maps the real line into a circle with radiusR. This is written
more compactly as

x∼ x+2πR (2)
For a given identification, we must define a fundamental domain. This do-

fundamental domainmain satisfies two properties:
• No two points in the domain are identified, in the sense defined

above. That is, no point maps into another point within the funda-
mental domain. For the circle above, we can take 0 ≤ x < 2πR as
the fundamental domain. Note that we must exclude one of the end-
points, since one endpoint is identified with the other. We could also
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have chosen any interval of length 2πR with one endpoint included
and the other excluded.
• Every point in the entire space is either in the fundamental domain,

or is identified with a point in the domain. Thus we cannot choose
an interval shorter than 2πR in the above example.

If we have more than one dimension, we can impose more than one iden-
tification, or we can identify a subset of the dimensions, leaving the others
open. Zwiebach gives the example of a torus, which is obtained by impos-
ing two separate identifications

x∼ x+2πR
y ∼ y+2πR

(3)

Imposing only the first of these to a 2-dim space creates an infinite cylinder
of radius R parallel to the y axis. Imposing both identifications wraps the
cylinder around the x axis, creating a torus.

Another way of writing these identifications is

(x,y)∼ (x+2πR,y)

(x,y)∼ (x,y+2πR)
(4)

Consider the identification

(x,y)∼ (x+2πR,y+2πR) (5)
This is a single identification, meaning that it must be applied all at once

to every point. Thus the point (x,y) is mapped to another point where
both x and y are increased by 2πR. This identifies (x,y) to a point on the

line parallel to y = x (the 45◦line) at a distance of
√

(2πR)2 +(2πR)2 =

2
√

2πR. This line is perpendicular to the line y = −x, so we can use y =
−x as a boundary for the fundamental domain, and the line (y−2πR) =
−(x−2πR), or

y =−x+4πR (6)
as the other boundary. Thus we get an infinite cylinder of radius

√
2R

parallel to the line y =−x.
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